Abstract. We determine endomorphism algebras of abelian surfaces with quaternion multiplication.
Introduction
In this paper, we determine all possible endomorphism algebras of abelian surfaces with quaternion multiplication (QM). Let D be an indefinite quaternion division algebra over the field Q of rational numbers. We would like to find out all Q-algebras E containing D which appear as endomorphism algebras of abelian surfaces. In other words, we would like to know which endomorphism algebra appears in the Shimura curve X D associated to the quaternion algebra D (and with additional data). Our main result states as follows. (1) Suppose that A is not simple. Then A is isogenous to C 2 for an elliptic curve C over k and the algebra E is isomorphic to one of the following (i) Let E := End 0 (A) be the endomorphism algebra of A, and let S be the discriminant of D. Then (1) The center K of E is isomorphic to Q(ζ n ) for n = 3, 4, or 6. (2) One has p | S and p ≡ 1 (mod n), where n is as above, and for any other prime ℓ | S, one has either ℓ|n or ℓ ≡ −1 (mod n), that is, ℓ does not split in the quadratic field Q(ζ n ).
According to Theorem 1.2, there are three possibilities for endomorphism algebras E of simple supersingular abelian surfaces over finite fields: E ≃ D ⊗ Q Q(ζ n ) for n = 3, 4, 6. However, not all of them occur; It depends on the quaternion algebra D. The algebra D ⊗ Q Q(ζ n ) occurs if and only if there is exactly one prime p dividing S such that p ≡ 1 (mod n) (This prime p is the characteristic of the base field).
The results of this paper (Theorems 1.1 and 1.2) contribute new cases to the problem about semi-simple algebras that can be realized as endomorphism algebras of abelian varieties. See Oort [9] and the references therein for quite complete discussions of this problem.
Supersingular abelian surfaces appear in the classification of endomorphism algebras of QM abelian surfaces. We refer the reader to C. Xing [19] for some aspects of supersingular abelian surfaces over finite fields.
Let J be the Jacobian of a smooth, projective, geometrically connected algebraic curve of genus 2 over a number field K. In [1] Baba and Granath showed that if the following three conditions hold: (1) J has QM by a maximal quaternion order Λ 6 of discriminant 6, (2) J has the field of moduli equal to Q, and (3) J has potentially smooth stable reduction at both 2 and 3, then QM abelian surface J has superspecial good reduction at infinitely many primes. In [4] Dieulefait and Rotger studied the arithmetic of the Jacobians J whose endomorphism algebra End 0 Q (J) is an indefinite quaternion algebra. They determine all possible Galois groups of minimal fields of definition and possible endomorphism rings End K (J) defined over a smaller number field K under a certain integral condition. We refer the reader to [4] for the list of Galois groups and more detail discussions.
An analogous question to our main results (Theorems 1.1 and 1.2) is: What are the endomorphism algebras of abelian varieties with real multiplication (RM)? That is, one considers the same problem as treated in this paper but for Hilbert modular varieties rather than Shimura curves. This problem has been done by Chai [3, Section 3] . The classification has its own interest; this also plays a role in the proof of Chai's theorem on the density of ordinary Hecke orbits in Siegel modular varieties. As the reader may be also interested in this result due to Chai, we include an expository and elementary account for the reader's convenience in Section 3. Using the similar method as in Section 2, we make Chai's result more explicit about the simple algebras that actually occur as endomorphism algebras of RM abelian varieties.
Proof of Main Results

2.1.
Embeddings of simple algebras. We recall some basic definitions for central simple algebras; see [11] . respectively, if B ∼ = Mat n (∆), where ∆ is a division algebra over F , which is uniquely determined by B up to isomorphism. The algebra ∆ is also called the division part of B.
Proposition 2.2. Let E and B be two finite-dimensional simple algebras over a field F with centers Z and K, respectively. Suppose that Z and
where ∆ is the division part of E. Then there is an F -algebra embedding of B into E if and only if
where c is the capacity of the central simple algebra
and B o denotes the opposite algebra of B.
Proof. This is a special case of [18, Theorem 1.2] . However, instead of referring to the general result, we prefer to give a direct proof for the reader's convenience. Let E = End ∆ (V ), where V is a right vector space over ∆. An F -algebra embedding from B into E exists if and only if V is a (B, ∆)-bimodule, or equivalently a right [18] for more general results about Proposition 2.2 where B and E are any finite-dimensional semi-simple F -algebras. When F is a global field, the local-global principle enters and plays a role in the problem of embeddings of simple algebras. For a detailed discussion, the reader is referred to the paper [12] .
After establishing a basic embedding result (Proposition 2.2), we begin with the classification of endomorphism algebras of QM abelian surfaces. Let (A, ι) be an abelian surface with quaternion multiplication by D and let E := End 0 (A) := End(A) ⊗ Z Q be the endomorphism algebra of A.
2.2.
Case where A is not simple. In this case A is isogenous to C 1 × C 2 , where C 1 and C 2 are elliptic curves. Then C 1 is isogenous to C 2 . If not, then we have inclusions D ⊂ End 0 (C i ) for i = 1, 2 and each C i must be supersingular. It follows that D ≃ End 0 (C i ) ≃ D p,∞ , the definite quaternion algebra over Q ramified exactly at {p, ∞}, contradiction.
Therefore, the algebra E = End 0 (A) = End(A) ⊗ Q is isomorphic to one the following:
The case (i) can not occur because D and Mat 2 (Q) are different quaternion algebras.
The case (ii) can appear if and only if K splits D. Indeed, as one has an embedding of D in Mat 2 (K), the algebra D acts on a K-vector space V of dimension two. We can identity V with D as V is one-dimensional D-vector space. This makes D a K-vector space of dimension 2. Therefore, K is isomorphic to a (necessarily) maximal subfield of D. This is exactly when K splits D. On the other hand, any imaginary quadratic field is isomorphic to the endomorphism algebra of an elliptic curve. Therefore, for any imaginary quadratic field that splits D, the matrix algebra Mat 2 (K) can occur as the endomorphism algebra of a QM abelian surface.
For the case (iii), this occurs of course only when A is in characteristic p > 0 and A is isogenous to the product of two supersingular elliptic curves over the base field k containing F p 2 . Now we check that an embedding ι : 
for some definite quaternion algebra D ′ over Q. This shows that c = 2 and hence that a Q-algebra embedding ι : D → Mat 2 (D p,∞ ) exists. We have shown the following result. 
2.3.
Case where A is simple. Since E := End 0 (A) contains the quaternion algebra D, the algebra E is non-commutative. Let K be the center of E. Since dim A = 2, any maximal subfield of E has degree 2 or 4 (over Q). So one has
If K = Q, which is totally real, then E is a quaternion algebra over Q. This follows from Albert's classification of central division algebras with positive involution (cf. Mumford [6, Section 21] ). In this case, one must have E ≃ D.
Suppose now that [K : Q] = 2. Then E is a quaternion division algebra over K. If K is real, then E ⊃ D ⊗ Q K contains a totally real maximal subfield K ′ (of degree 4 over Q), which shows that dim A is divisible by 4 (see Mumford [6, Corollary, p. 191] ), absurd. It follows that the center K is an imaginary quadratic field. Note that in this case, A is in characteristic p > 0 for some prime p. Indeed, its endomorphism algebra contains a 4-dimensional CM subfield We also know that any simple CM abelian variety by a CM field L in characteristic zero has endomorphism algebra equal to L but E is non-commutative. Therefore, A is in positive characteristic. Now we determine which quaternion division algebra E over an imaginary quadratic field K contains a subalgebra isomorphic to D. This is exactly when the capacity of E ⊗ Q D o is equal to 4 by Proposition 2.2, or equivalently, the quaternion algebra
We have shown the following result. 
the abelian surface A is in characteristic p > 0 for some prime p.
Theorem 1.1 follows from Propositions 2.4 and 2.5.
The case (i) of Proposition 2.5 occurs as one can take A to be a generic complex QM abelian surface. For the case (ii), we make a further discussion about the algebras of the form D K that can occur in the next subsection.
Put
where K is an imaginary quadratic field. In the remaining of this section, we investigate which D K can be realized as the endomorphism algebra of an abelian surface.
Suppose D K ≃ End 0 (A) for an abelian surface. Then A has smCM (sufficiently many complex multiplications, that is, the endomorphism algebra End
. By a theorem of Grothendieck [6, Section 22, p. 220], there are a finite field extension k ′ of the ground field k and an abelian surface A 0 over a finite field k 0 contained in k [7] for Grothendieck's original proof and [16] for a different proof). We may enlarge k 0 in k ′ , if necessary, such that End
This shows the following:
Lemma 2.6. Notations being as above, the algebra E ≃ D K is contained in the endomorphism algebra E 0 of an abelian surface over a finite field.
Since [E : Q] = 8, one has either 
Since inv ∞ (E) = 0 and E is a division algebra, the places with non-trivial invariants are those of K over p. It follows that there are two places of K lying over p at which E has non-trivial local invariant, and the remaining local invariants are trivial.
For the case (a), E is the endomorphism algebra of an abelian surface A 0 over a finite field k 0 . Using the Honda-Tate theory, the center K is Q(π 0 ), where π 0 is the relative Frobenius endomorphism of A 0 over k 0 . For any finite place v of K with v ∤ p, one has inv v (E) = 0. As E is a division algebra, it follows that there are two places of K lying over p at which E has non-trivial local invariant, and the remaining local invariants are trivial.
We need to find all rational primes p and imaginary quadratic fields K such that the quaternion algebra D K := D ⊗ Q K ≃ E satisfies the condition of Lemma 2.7 and that the algebra E appears as the endomorphism algebra of an abelian surface. Let S be the discriminant of D over Q; by definition, S is the product of all finite ramified rational primes for D. Clearly, one has p | S, otherwise the local invariants of D K at places v lying over p are zero and hence that D K ≃ Mat 2 (K), absurd. Therefore, a necessary condition that K satisfies the conditions in Lemma 2.7 is the following: ( * ) The prime p splits in K and for any other prime ℓ|S, the completion
The first condition of ( * ) follows from inv v (E) = 1/2 if v|p and the second one follows from inv v (E) = 0 otherwise. Now given a rational prime p | S and an imaginary quadratic field K satisfying the condition ( * ), we would like to find a Weil q-number π, where q is a power of p, so that K ≃ Q(π) and for every place v | p of K, one has v(π)/v(q) = 1/2.
Proof. This result is well-known (see [2] ); we provide a proof for the reader's convenience. We may assume that the ground field k is algebraically closed. We have a Q p -algebra embedding ι : We need to find all Weil q-numbers π so that the corresponding abelian variety A π , uniquely determined up to isogeny, is both simple and supersingular, and that its center Q(π) is an imaginary quadratic field satisfying the condition ( * ). The latter condition will imply that the endomorphism algebra of A π is a quaternion division algebra over K and hence that A π is an abelian surface. Proof. This is a well-known immediate consequence of results due to Manin [5] , Tate [14] and Oort [8, Theorem 2] , also see [19] . . Note that 2 is the only ramified prime in Q(ζ 4 ) and 3 is the only ramified prime in Q(ζ 3 ) = Q(ζ 6 ). Since p is ramified in Q(π), the only possibilities are Q( √ 2 ζ 8 ) and Q( √ 3ζ n ) for n = 3, 6, 12. It is easy to check that only Q( √ 2 ζ 8 ) and Q( √ 3 ζ 12 ) are quadratic fields.
Note that in the case (a) the prime p splits in Q(π) if and only if p ≡ 1 (mod n). In the case (b) p is ramified in Q(π). Therefore, if one requires the field Q(π) satisfy the condition ( * ), then only the case (a) can occur. This yields the following conclusion. (1) The center K of E is isomorphic to Q(ζ n ) for n = 3, 4, or 6.
(2) One has p | S and p ≡ 1 (mod n), where n is as above, and for any other prime ℓ | S, one has either ℓ|n or ℓ ≡ −1 (mod n).
It follows from Theorem 2.11 that there are three possibilities for endomorphism algebras E of simple supersingular abelian surfaces over finite fields: E ≃ D ⊗ Q Q(ζ n ) for n = 3, 4, 6. Furthermore, the algebra D ⊗ Q Q(ζ n ) occurs if and only if there is exactly one prime p | S such that p ≡ 1 (mod n). This prime is the characteristic of the ground field of the abelian surface.
We conclude this section with a remark and a question we think interesting. Let E be the endomorphism algebra of a simple QM abelian surface A such that E = D. Then
• A is in characteristic p > 0 for a prime p, and A is supersingular, • E = D ⊗ Q K, where K is an imaginary quadratic field satisfying the condition ( * ) after Lemma 2.7.
• In case that E is isomorphic to the endomorphism algebra of supersingular simple QM abelian surface over a finite field, we know all such K that can occur by Theorem 2.11.
However, we are not able to rule out the possibility that E is not isomorphic to a (necessarily supersingular) simple QM abelian surface over a finite field. That is, whether or not the endomorphism algebra of any supersingular abelian surface over an arbitrary field k is isomorphic to that of one over a finite field. We make the following hypothesis.
(H) Let k, k ′ and k 0 be three fields with the inclusion relation k ⊂ k ′ ⊃ k 0 . Let A/k and A 0 /k 0 be two abelian varieties such that there is an isogeny ϕ :
using the isogeny ϕ. Then there an abelian variety A 1 /k 1 over a subfield k 1 ⊂ k 0 and an isogeny ϕ 1 :
The hypothesis (H) rules out the possibility of imaginary quadratic fields K satisfying the necessary condition ( * ) that are not of the shape described in Theorem 2.11. Then Theorems 1.1 and 1.2 give a complete result for endomorphism algebras of QM abelian surfaces over an arbitrary base field. Besides, we also obtain the following result, which is an immediate consequence of a theorem of Grothendieck (cf. [7] , [16] ).
Corollary 2.12. Let A/k be an abelian variety that has smCM over a field k of characteristic p > 0. Assume the hypothesis (H). Then the endomorphism algebra End 0 (A) of A/k is isomorphic to that of an abelian variety over a finite field.
Even when the hypothesis (H) fails, one is still in an interesting situation. This means there are some subtle issues about the fields of definition that we were not aware of. For example, there are endomorphism algebras of abelian varieties having smCM in positive characteristic that can not be found by the Honda-Tate theory. These would contribute new examples to the problem of endomorphism algebras of abelian varieties studied in Oort [9] .
The following question should be helpful to understand the problem of fields of definition arising from (H). Recall that an abelian variety over a field k of characteristic p > 0 is said to be superspecial if it is isomorphic to a product of supersingular elliptic curves over an algebraic closure of k.
(Q). Let A be a superspecial abelian variety over a field k of characteristic p > 0. Is there a superspecial abelian variety A 0 over a finite field k 0 so that A is isomorphic to A 0 ⊗ k0 k over k?
Endomorphism algebras of RM abelian varieties
In this section, we give an exposition on endomorphism algebras of abelian varieties with real multiplication. Our reference is Chai [3] , especially Section 3 of it. The classification has its own interest; this is also useful in the proof of Chai's theorem on the density of ordinary Hecke orbits in Siegel modular varieties. We change the notations a bit. Let F be a totally real number field of degree g = [F : Q], and let O F be the ring of integers. An abelian variety with real multiplication by O F is a pair (A, ι) , where A is a g-dimensional abelian variety and ι : O F → End(A) is a ring monomorphism. As we are only concerned with the endomorphism algebra End 0 (A) of such objects, we may replace the ring monomorphism ι : O F → End(A) by its induced Q-algebra embedding ι : F → End 0 (A). We shall call the latter object (A, ι) an abelian variety with RM by F .
Let (A, ι) be an abelian variety with RM by F over an (unspecified) base field k. as an F -vector space of dimension one. Therefore, F can be regraded as a K 0 -vector space and hence K 0 is isomorphic to a subfield of F . We may assume that K 0 is a subfield of F . Conversely, given a subfield K 0 of F of degree d, we choose an abelian variety A 1 so that the endomorphism algebra End 0 (A 1 ) is isomorphic to K 0 . Take A := A n 1 , where n := g/d. Since there is a Q-algebra embedding ι : F → Mat n (K 0 ), we have an abelian variety (A, ι) with RM by F such that End 0 (A) is isomorphic to Mat n (K 0 ).
(Type II) The algebra ∆ is a totally indefinite quaternion algebra over a totally real number field K 0 . Since ∆ contains a totally real maximal subfield K 1 , which has degree 2[K 0 : Q], one has 2[K 0 : Q] | dim A 1 . On the other hand, any maximal subfield of Mat n (∆) has degree 2n[K 0 : Q], which gives the other divisibility g | 2n[K 0 : Q]. Therefore, we have g = 2n[K 0 : Q] and dim A 1 = 2[K 0 : Q]. Since F has the degree of maximal semi-simple commutative subalgebras of Mat n (∆), the image of any embedding ι contains the center K 0 . Therefore, we may assume that K 0 is a subfield of F and ι is a K 0 -algebra embedding of F into Mat n (∆). The field F is isomorphic to a (maximal) subfield of Mat n (∆) if and only if F splits ∆. The latter is equivalent to that for any place v ∈ Ram(∆/K 0 ), the set of ramified places of K 0 for ∆, and any place w|v of F , one has [F w :
Conversely, suppose we have a subfield K 0 of F with 2[K 0 : Q]n = g for some positive integer n, and a totally indefinite quaternion algebra ∆ over K 0 which is split by F . Then there exists an abelian variety with RM by F so that End 0 (A) ≃ Mat n (∆). Indeed, we first take a complex abelian variety A 1 with dimension 2[K 0 : Q] so that End 0 (A 1 ) ≃ ∆. Then put A := A n 1 . The condition that F splits ∆ implies that there is a K 0 -algebra embedding from F into Mat n (∆). This way we construct a (complex) abelian variety with RM by F so that End 0 (A) ≃ Mat n (∆).
(Type III) The algebra ∆ is a totally definite quaternion algebra over a totally real number field K 0 . Since F can be embedded in Mat n (∆), whose maximal semi-simple commutative subalgebras have the same degree 2n
On the other hand, as the field K 0 acts on the abelian variety A 1 up to isogeny, one has [
Also, if the ground field k is of characteristic zero, then the algebra ∆ acts on the homology group H 1 (A 1 , Q). This gives the condition 4[
We have two cases:
This case occurs only when k is of characteristic p > 0 for some prime p.
We first rule out the possibility of (b). Since g is the degree of any maximal semisimple commutative subalgebra of Mat n (∆), the image of F under any embedding ι : F → Mat n (∆) contains the center K 0 . Therefore, F contains a subfield which is isomorphic to K 0 , and we may assume that the field F contains K 0 and the embedding ι is a K 0 -algebra homomorphism. Since F has the degree of Mat n (∆) over K 0 , the field F can be embedded into the simple algebra Mat n (∆) if and only if F splits ∆. But the latter is impossible because ∆ is totally definite and F is totally real.
For the case (a), we have dim A 1 = [K 0 : Q]. In this case the abelian variety A 1 has smCM. By a theorem of Grothendieck [6, Section 22, p. 220], there are a finite field extension k ′ /k, an abelian variety A 0 over a finite field k 0 contained in k ′ and an isogeny ϕ :
We first show that A 0 (and A 1 ) is supersingular. We know that both ∆ and End 0 (A 0 ) have the same degree (=2 dim A 1 ) of maximal semi-simple commutative subalgebras. The centralizer of K 0 of End 0 (A 0 ) is equal to the division algebra ∆ and hence by bi-commutant theorem [11, Theorem 7.11 and Corollary 7.13, that the centralizer of ∆ in End 0 (A 0 ) is equal to K 0 . It follows that the center Z of End 0 (A 0 ) is contained in the totally real field K 0 . By the classification of endomorphism algebras of abelian varieties over finite fields in Tate [13] , the field Z is equal to Q or Q( √ p) and A 0 is supersingular. We may enlarge the field k 0 so that A 0 is isogenous to the product of copies of supersingular elliptic curves with endomorphism algebra D p,∞ . Therefore, End We now show that the field F contains a subfield which is isomorphic to K 0 , so that we may assume that F contains K 0 and that the embedding ι is a K 0 -algebra homomorphism. Let x →x be the canonical involution of ∆, which is the unique positive involution. Define a positive involution * on Mat n (∆) by (a ij ) * = (a ji ). We know that for any embedding ι : F → Mat n (∆), there is a positive involution * 1 which leaves the image ι(F ) invariant and every element of ι(F ) invariant. On the other hand, one can show that there is an isomorphism of algebras with involution (Mat n (∆), * 1 ) ≃ (Mat n (∆), * ). This follows from the Noether-Skolem theorem, the fact that the unitary group U (Mat n (∆), * ) is semi-simple and simply-connected, and the Kneser theorem on the H 1 -vanishing for simply-connected groups over non-Archimedean local fields. For the details of this argument, see for example [17, Section 2] . Therefore, we may assume that the image of F is fixed by * . Since the maximal semi-simple commutative subalgebras of Mat n (∆) stable by the involution has degree n[K 0 : Q] over Q, the image ι(F ) contains the center K 0 . This shows that F contains a subfield that is isomorphic to K 0 .
As [F : and A 1 has smCM. Since any maximal semi-simple commutative subalgebra of Mat n (∆) that is stable for a positive involution has degree nm[K 0 : Q], which is also equal to [F : Q], the image ι(F ) contains a subfield which is isomorphic to K 0 . Therefore, we may assume that F contains K 0 and that the embedding map ι is a K 0 -algebra homomorphism.
We now determine the condition for ∆ so that the totally real field F can be embedded into Mat n (∆) over K 0 . Note that [F : Let v be a finite ramified place of K and v 0 be the place of K 0 below v; the place v 0 splits in K. For any place w 0 of F lying over v 0 , one also has that w 0 splits in
, where w is any place of L over w 0 . One concludes that the field F can be embedded into Mat n (∆) over K 0 if and only if for any (finite) ramified place v of K for ∆ (note: σ(v) = v),
Conversely, suppose we are given a central division algebra ∆ over a CM field K with maximal totally real field K 0 that satisfies the local condition (3.1). Suppose also that (1) K 0 is contained in F , (2) We summarize the classification in the following theorem. This is a result of Chai [3, Lemma 6 ], while we make it more explicit about simple algebras that can actually occur as endomorphism algebras of RM abelian varieties over more general (unspecified) ground fields. 
